We study classes of pseudodifferential operators which are bounded on large collections of modulation spaces. The conditions on the operators are stated in terms of the L p,q estimates for the continuous Gabor transforms of their symbols. In particular, we show how these classes are related to the class of operators of Gröchenig and Heil, which is bounded on all modulation spaces.
Introduction
The study of pseudodifferential operators has a long history and many applications in various areas of mathematics, as well as in other sciences. Out of many expositions written on this subject, we mention the books by Folland [3] , Hörmander [9] and Stein [11] , which provide detailed treatments of different issues of this beautiful theory.
In recent years there has been a growing interest in better understanding how the theory of pseudodifferential operators is related to the theory of wavelets (which has grown significantly since it was introduced in the 80s). In particular, it has been observed that Gabor systems, i.e., families of the form {g m,n (x) = e 2πimx g(x − n): g ∈ L 2 (R d ), m, n ∈ Z d }, provide a useful tool in the analysis of large classes of pseudodifferential operators, espe-cially for investigations of spectral and boundedness properties. We refer the reader to a survey of results in this area by Heil [7] , see also, e.g., [6, 8] .
In this paper we investigate some boundedness properties of classes of pseudodifferential operators with symbols in modulation spaces. We are motivated by results of Gröchenig and Heil [6] , who provided a single class of symbols generating operators bounded on all modulation spaces (Theorem 1). Our goal is to study related conditions for the symbols that yield operators bounded on "large" collections of modulation spaces (Theorems 7 and 9).
The conditions for the operators are stated in terms of the mixed L p,q estimates for the rotated continuous Gabor transforms of their symbols. Such conditions are closely related to modulation spaces. In fact, similar results are possible for operators with symbols in modulation spaces; however, then the operators are bounded when acting between different modulation spaces, M w
, where the relations between p i s and q i s depend on the coefficients of the modulation spaces containing the symbol of the operator, cf. [5] , [13, Theorem 4.3] .
In Section 2 we introduce the notations and conventions we use in this paper and we state the known results that are related to our goal. In Section 3 we state and prove our main results, Theorems 7 and 9.
Preliminaries
We shall use the following notation throughout this paper. The space of Schwartz functions is denoted by S(R d ), and its dual, the space of tempered distributions, is S (R d ). Definition. Given 1 p, q < ∞, and w, a weight function on R 2d . We define the modulation space M w p,q (R d ) to be the space of all tempered distributions f satisfying the following estimate:
where S g f denotes the continuous Gabor transform (short-time Fourier transform) of a distribution f with respect to the Schwartz class function g:
This definition requires obvious modifications if we let p or q = ∞. In the case w = 1, we shall write
where A(f, g) is the ambiguity function of f and g: A(f, g)(x, y) = e −πix·y S g f (x, −y). The distribution σ is called the symbol of the operator L σ .
It should be noted that the modulation spaces defined with different windows g are all equivalent, e.g., [4, Proposition 11.3.2] . Thus, following [6] , we fix a special window function ϕ(x) = 2 d/4 e −πx 2 . We let φ = A(ϕ, ϕ), i.e., φ(x, y) = 2 d e −2π(x 2 +y 2 ) .
We start with a few introductory results. The first one is due to Gröchenig and Heil [6, Theorem 1.1].
One may think of this result as of an extension of the Calderón-Vaillancourt theorem, e.g., [3, Theorem 2.73], which states that pseudodifferential operators with symbols
Gröchenig and Heil in [6] show that Lipschitz classes Λ s (R 2d ) (and thus the class C 2d+1 (R 2d ) of (2d + 1)-times differentiable functions) are embedded in M ∞,1 (R 2d ). On the other hand, membership in M ∞,1 (R 2d ) does not imply any smoothness.
For
. The next lemma (see [6] ) is a useful tool in the proof of Theorem 1. We shall also use it later.
Lemma 2.
where ρ 0 is the Schrödinger representation of the Heisenberg group, ρ 0 (x, y)f (t) = e πix·y e 2πiy·t f (t + x), and N :
The next proposition is a general estimate proved by Feichtinger and Gröchenig [2, Corollary 4.5].
Proposition 3. Let w be a weight function on R 2d and let ϕ be a Schwartz function, ϕ ∈ S(R d ). There exists a constant
and
In the above, the weighted mixed-norm space L p,q w (R 2d ) is defined as the space of the functions F for which
Theorem 4. We assume for 1/p + 1/q = 1 that
Theorem 4 is derived in [12] as a corollary of a much more abstract result. The special case of this theorem, with p = 1 and q = ∞, was earlier stated and proved in [6] .
Main results
In this section we would like to show how Theorem 1 may be "approximated" by analogous results which guarantee boundedness of operators on collections of M p,p (R d ) spaces. If one was to think about indices of these spaces as subsets of R ∪ {∞} then Theorem 1 presents a class of operators which are bounded on spaces indexed by [1, ∞] . In Theorem 7 we provide conditions that yield operators bounded on spaces associated with arbitrary intervals [p, q], 1 < p q < ∞, 1/p + 1/q = 1. Further, we study similar questions for spaces M p,q (R d ).
We start with a lemma which may also be derived from the results of Labate [10] . However, here we present a more direct approach that follows the results of [6] .
Then L σ extends to a bounded operator on
Proof. In view of Lemma 2, given any Schwartz function f , we may write
where
, and that the norm estimates depend only on the norm of f , p 0 , and q 0 . By the definition of
Moreover, the norms are equal. Thus, using Hölder's inequality, we obtain
A condition similar to the one studied in Lemma 5 may also be considered.
M p 0 ,p 0 (R d ).
Proof. As in the proof of Lemma 5 we only need to show that for any
. Using Minkowski's integral inequality and Hölder's inequality we have
Having in mind Theorem 1 as an ultimate result about boundedness of pseudodifferential operators on modulation spaces, we state here the following generalization of Theorem 4.
Besides being a generalization of Theorem 4, this result can be viewed as an approximation to Theorem 1. What we have there is a result that says that there exists a symbol class (M ∞,1 (R 2d )) for which pseudodifferential operators are bounded on all M p,p (R d ) spaces, 1 p ∞. Theorem 7 is a result which states that the operators with symbols satisfying our assumptions are bounded on M p,p (R d ) spaces, with, e.g., q 0 p p 0 . With p 0 → ∞ we see Gröchenig and Heil's result as the limiting case of our estimates.
It follows from Lemma 3.3 in [6] 
Proof. We follow the strategy of the proof of Lemma 5. According to the previous results and definitions, given
, independently of f (where F and G are defined in the proof of Lemma 5). Using generalized Hölder's inequality, see, e.g., [4, Lemma 11.1.2], and the integral Minkowski inequality combined with the fact that p 0 q 0 , we obtain
If σ satisfies the following conditions: In analogy with the relationship between Theorems 1 and 7, we see Theorem 9 as another approach to a better understanding of Theorem 14.5.2 in [4] . As we let p → ∞, the set of spaces for which L σ is a bounded operator approaches the collection of all modulation spaces M p,q (R d ), 1 p, q ∞.
